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Abstract
We discuss some phenomenological aspects of gauged supersymmetric σ–models on homogeneous
coset-spaces E6/[SO(10) × U(1)] and SO(10)/U(5) which are some of the most interesting for
phenomenology. We investigate in detail the vacuum configurations of these models, and study the
resulting consequences for supersymmetry breaking and breaking of the internal symmetry. Some
supersymmetric minima for both models with gauged full isometry groups E6 and SO(10) are phys-
ically problematic as the Ka¨hler metric becomes singular and hence the kinetic terms of the Gold-
stone boson multiplets vanish. This leads us to introduce recently proposed soft supersymmetry-
breaking mass terms which displace the minimum away from the singular point. A non-singular
Ka¨hler metric breaks the linear subgroup SO(10) × U(1) of the E6 model spontaneously. The
particle spectrum of all these different models is computed.

1 Introduction
Non-linear supersymmetric σ-models based on homogeneous Ka¨hlerian cosets spaces
G/H may have applications to physics beyond the standard model. For example,
supersymmetric extensions of a Grand Unified Theory (GUT) may be relevant for
particle physics since they contain less parameters than the Minimal Supersymmet-
ric Standard Model (MSSM). One of the original guidelines of the construction of
GUT theories was renormalizability. However, as such GUT models are likely to
be realized quite close to the Planck scale, renormalizability is not necessarily an
issue as supergravity theories are non-renormalizable by themselves. Moreover, su-
pergravity models often include non-linear coset models such as SU(1, 1)/U(1) in
N = 4. Therefore a GUT may be part of a supersymmetric non-linear sigma model
based on a coset space G/H , with H a subgroup of G.
For the construction of this kind of models the coset space G/H must be a
Ka¨hler manifold [1, 2]. The chiral fermion content of supersymmetric σ-models
based on homogeneous Ka¨hlerian cosets spaces is often anomalous. The presence of
chiral anomalies in internal symmetries restricts the usefulness of these models for
phenomenological applications. Therefore, anomalies have to be removed to allow
for gauging the internal symmetries. This is achieved [3] by coupling additional
chiral superfields (generically called matter superfields) carrying representations of
the coset space G/H . An important question in the context of supersymmetric
matter is how it can be coupled to supersymmetric σ-models on Ka¨hler manifolds
without spoiling the (possibly non-linear) invariance of the original theory. This
is required for the cancellation of anomalies as shown in [5]. Using the general
procedure of canceling anomalies by coupling additional chiral superfields, consistent
supersymmetric σ-models on coset spaces, including among others the grassmannian
models on SU(N + M)/[SU(N) × SU(M) × U(1)], the orthogonal unitary coset
models on manifolds SO(2N)/U(N), as well as models on exceptional cosets like
E6/[SO(10)× U(1)], have been studied in great detail [3, 4, 5, 7].
Since E6 and SO(10) are promising unification groups, the coset spaces E6/[SO(10)×
U(1)] and SO(10)/[SU(5)×U(1)] are the most interesting for (direct) phenomenol-
ogy. In the E6/[SO(10)×U(1)] model, the fermion partners of the Goldstone bosons
—the quasi-Goldstone fermions— have precisely the right quantum numbers to de-
scribe one family of quarks and leptons, including a right-handed neutrino. The
model on SO(10)/U(5) contains the SU(5) × U(1) fermionic field content of one
generation of quarks and leptons, including a right-handed neutrino as well. There-
fore, these models could have interesting phenomenological applications. In earlier
studies of anomaly-free extension of supersymmetric σ-model on SO(10)/U(5), it
was found that upon gauging the full SO(10) the D-term potential sometimes force
the scalar fields to take vacuum expectation values for which the model becomes
singular, in the sense that the kinetic energy terms of the Goldstone boson and
quasi-Goldstone fields disappear in the vacuum state, and the space of physical de-
grees of freedom is reduced. In a recent paper [8] we have investigated singularities
in field geometry, where the kinetic terms vanish, by studying a simple supersym-
metric model based on the homogeneous space CP 1. We showed that the metric
1
singularities can be regularized by addition of a soft supersymmetry-breaking mass
parameter.
The present paper is a first step in the analysis of the phenomenology of those
models. In order to discuss various properties of the models, we first review the
construction of the lagrangians on coset-spaces that are globally consistent. We
describe how anomaly cancellation can be achieved in supersymmetric σ-model on
SO(10)/U(5) and E6/[SO(10)×U(1)], by adding matter fields; we then discuss the
several interesting gauge extended versions of these models, and the resulting mass
spectra.
This paper is structured as follows. The main aspects of gauged supersymmetric
σ–models on Ka¨hler cosets with anomalies canceled by matter fields is reviewed in
section 2. In section 3 we derive the mass sum rule for non-linear supersymmetric
σ–models. These relations play an important role in constructing realistic supersym-
metric gauge theories, containing the standard model. In section 4 we summarize
the anomaly-free supersymmetric σ–model on SO(10)/U(5) as described in [4]. We
perform a quite general analysis of gauging the full SO(10) group in subsection 4.1.
We investigate in particular the existence of zeros of the potential, and show that
the models with fully gauged SO(10) are singular. In subsection 4.2 we extend the
model with soft supersymmetry breaking mass terms which preserve the non-linear
SO(10). To complete the phenomenological analysis, we also consider the gauging
of the linear subgroup SU(5)× U(1) of the SO(10)-spinor model in subsection 4.3.
Because this subgroup contains an explicit U(1) factor, we added a Fayet-Iliopoulos
term with parameter ξ and we investigate in particular the existence of zeros of the
potential, for which the model is anomaly-free, with positive definite kinetic energy.
Then we discuss a number of physical aspects of these models, like supersymme-
try and internal symmetry breaking, and the resulting mass-spectrum. Section 5
is devoted to phenomenological analysis of E6/[SO(10) × U(1)] model. We first
summarize the results obtained in [10, 11, 3]. Section 5.1 discusses the gauging of
internal symmetries in general. In section 5.1.1, we consider in some detail the gaug-
ing of the full non-linear E6 symmetry. Like in the on SO(10)/U(5), in one of the
supersymmetric minima, we find that the D-term potential drives the scalar fields
to a singular point of the kinetic terms. We show that the singular metric can also
be regularized by the addition of a soft supersymmetry-breaking mass parameter.
Gauging the linear subgroup SO(10) × U(1) gives consistent models, but only for
special values of couplings constant and non-zero value of the Fayet-Iliopoulos term.
Section 6 contains the conclusions.
2 Supersymmetric σ–models on Ka¨hler manifolds
N = 1 globally supersymmetric lagrangians for non-linear σ-models in 4-D space
time, are formulated in terms of chiral superfields Φα = (zα, ψαL, H
α), α = 1, . . . , N
the components of which are complex scalars zα, an auxiliary field Hα and a (left-
2
handed) chiral fermion 1 ψL. The action is defined by two functions of superfields:
the real Ka¨hler potential K(Φ¯,Φ), and the holomorphic superpotential W (Φ). The
component lagrangian after eliminating the auxiliary fields is [1]
Lchiral = −Gαα(z, z¯)
(
∂µzα ∂µz¯
α + ψ¯αL
↔
D/ ψαL
)
+Rαβ,γδ ψ¯
α
R ψ
γ
Lψ¯
β
L ψ
δ
R
−GααW¯;αW;α +W;αβ(z)ψ¯αRψβL + W¯;αβ(z¯)ψ¯αLψ
β
R. (1)
In this expression, we have used the following notation for the metric, connection
and curvature constructed from the Ka¨hler potential K, respectively:
Gαα = K,αα, Γ
α
βγ = G
ααGαβ,γ, Rαβγδ = Gαβ,γδ −Gασ,γGσσGβσ,δ, (2)
with Gαα the inverse of the metric Gαα. The comma denotes differentiation with
respect to zα, z¯α, while the semicolon denotes a covariant derivative. Moreover,
the Ka¨hler covariant derivative of a chiral spinor and the left-right arrow above the
covariant derivative are defined by
D/ ψαL = ∂/ψ
α
L + Γ
α
βγ∂/z
βψγL, ψ¯
α
L
↔
∂/ ψαL = ψ¯
α
Lγ
µ∂µψ
α
L − ∂µψ¯αLγµψαL. (3)
In general, the Ka¨hler metric may admits a set of holomorphic isometries Rαi (z),
R¯
α
i (z¯) (i = 1, . . . , n), which are the solutions of the Killing equation
Riα,α + R¯iα,α = 0. (4)
These isometries define infinitesimal symmetry transformations on the Ka¨hler man-
ifold G/H . In components the transformation rules read
δzα = θiRαi (z), δz¯
α = θi R¯αi (z¯), δψ
α
L = θ
iRαi,β(z)ψ
β
L, δψ¯
α
L = θ
iR¯αi,β(z¯) ψ¯
β
L, (5)
with θi the parameters of the infinitesimal transformations. As a result, the isome-
tries form a Lie algebra:
Rβ[iR
α
j],β = R
β
i R
α
j,β − Rβj Rαi,β = fij kRαk . (6)
Thus, infinitesimal transformations (5) define a (generally non-linear) representation
of some Lie group G, called the isometry group of the manifold. The fij
k are
structure constants of the algebra. A special feature of Ka¨hler manifolds is that the
isometries can locally be written as the gradient of some real scalar functions, the
Killing potentials Mi(z, z¯) [9, 10]:
Rαi = −iGααMi,α, R¯αi = iGααMi,α. (7)
From these equations, one sees that the Killing potentials Mi are defined up to an
integration constant ci. It turns out that one can always choose these ci in such a
1Our conventions for chiral spinors are such, that γ5ψL = +ψL and ψ¯Lγ5 = −ψ¯L; charge
conjugations acts as ψR = Cψ¯
T
L
, where ψ¯L = iψ
†
R
γ0.
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way that the potentials Mi transform in the adjoint representation of the isometry
group:
δiMj = R
α
iMj,α + R¯
α
i Mj,α = −iGαα
(
Rαi R¯
α
j − Rαj R¯αi
)
= fij
kMk. (8)
Under the transformation (5) the Ka¨hler potential itself transforms as
δiK = Fi(z) + F¯i(z¯). (9)
Now it can be shown that the functions F i, F¯ i defined by
Fi = K,αR
α
i + iMi, F¯i = K,αR¯
α
i − iMi, (10)
are holomorphic:
Fi,α = 0, F¯i,α = 0. (11)
From the Lie-algebra (6) it follows that one can choose the transformations of the
functions Fi(Z) to have the property
δiFj − δjFi = fij kFk. (12)
We now turn to the possibility of realizing the transformation (5) locally. This is
possible only if the symmetries are non-anomalous. As it is well known [3, 6], such
anomalies can be removed by coupling additional chiral fermions χAL contained in
other chiral superfields ΨA = (aA, χAL) carrying specific line-bundle representations
of the group G. Then the complete superfield content ΣI = (Φα,ΨA) of the model is
specified by a scalar superfield Φα = (zα, ψαL, H
α), which includes the complex coor-
dinate zα of this manifold G/H , and a set of matter superfields ΨA = (aA, χAL , F
A).
Once the anomalies have been canceled, the G symmetry group can be gauged
in a way that respects the supersymmetry. In summary, one first introduces a set of
vector multiplets V i = (Aiµ, λ
i
L, D
i), where Aiµ is a gauge field, λ
i
L a gaugino and D
i
is an auxiliary complex scalar. This gives rise to introduction of the gauge covariant
derivatives, accompanied by Yukawa and a D-term potential, defined in terms of the
Killing potential M(z, z¯) for the isometries group G. And finally, one introduces
the kinetic terms for the vector multiplets. Then the full lagrangian of globally
anomaly-free supersymmetric σ-models on Ka¨hler manifolds, after eliminating the
auxiliary fields (Hα, FA, Di) becomes
L = −GII
(
DZ¯I ·DZI + ψ¯IL
↔
D/ ψIL
)
−
(
GII,IDµZ
J −GII,JDµZ¯J
)
ψ¯ILγµψ
I
L
+RIIJJ ψ¯
I
R ψ
J
Lψ¯
I
L ψ
J
R −
g2
2
(Mi + ξi)2 + 2
√
2 g GII
(
R¯Ii λ¯
i
Rψ
I
R +R
I
i λ¯
i
Lψ
I
L
)
−1
4
F i · F i − λ¯iR
↔
D/ λiR.+ W¯;IJ ψ¯
I
L ψ
J
R +W;IJψ¯
I
R ψ
J
L −GII W¯;IW;I . (13)
Here we have added a Fayet-Iliopoulos term with parameter ξi in case there is a
commuting U(1) vector multiplet and Mi(z, z¯; a, a¯) is an extended version of the
4
Killing potentials introduced in (7). Furthermore, the notation ZI = (zα, aA) and
ψIL = (ψ
α
L, χ
A
L), I = (α,A), denote the scalar and spinor components of the super-
fields ΣI . The covariant derivatives contained the gauge fields and field strength
tensor F iµν are
DµZ
I = ∂µZ
I − gAiµRIi , DµψIL = ∂µψIL − g AiµRIi,JψJL,
Dµλ
i
R = ∂µλ
i
R − g f ijkAjµ λkR, F iµν = ∂µAiν − ∂µAiµ − g f ijkAjµAkν . (14)
3 The mass formula
A very particular feature of a supersymmetric theories is the existence of a mass
formula valid for all possible vacua with spontaneously broken supersymmetry and
vacua preserving supersymmetry, relating the masses of all the fields present in the
theory. This mass formula is very convenient when discussing realistic models. It
is well known that a mass formula holds when supersymmetry is not broken: all
states belonging to a given supermultiplet have the same mass. This result has for
consequence the following sum rule. The supertrace of the mass matrices squared
of all states:
STrm2 = Tr
(
m20 + 3m
2
1 − 2m21
2
)
, (15)
where m21, m
2
1
2
and m20 are respectively the mass matrices squared of spin–1,
1
2
(four
component spinors) and 0 (real scalars) states of the theory. For a supersymmetric
multiplet of a mass m, STrm2 is defined so that
STrm2 =
∑
m2 (number of bosons− number of fermions) = 0. (16)
However, the vanishing of the supertrace for a supersymmetric theory is much weaker
than statement of the equality of all masses within a supermultiplet. Indeed a
formula for STrm2 can be generalized to arbitrary vacua, including those breaking
supersymmetry [12]. The standard choice for vacuum configurations is to allow
for constant values of Lorentz invariant fields. Thus only scalars ZI are allowed
to have a non-zero vacuum expectation values (v.e.v.), denoted by 〈ZI〉. For this
configuration, the theory reduces to the scalar potential
V = −L
(
∂µ〈ZI〉 = 〈ψIL〉 = 〈λiL〉 = 〈Aiµ〉 = 0
)
. (17)
In this section we derive the supertrace formula for supersymmetric non-linear σ-
models described by (13) relevant for later applications. Since in the models we
consider in this paper, the isometry group G does not allow for an invariant trilinear
superpotential W (Σ), we will not consider here the contributions of W (Σ) to the
mass formula. For this reason, from now on we take W (Σ) = 0 (hence the terms
involving W (Z) in the full lagrangian (13) are absent). In order to calculate STrm2,
we need the explicit form of the three mass matrices in (15).
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We first consider the mass matrix squared for a spin–1 particle. When the scalar
fields ZI acquire a vacuum expectation value, some gauge bosons will become mas-
sive in general. From (13), the part of the lagrangian quadratic in spin–1 particles
is
L1 = −GII DZ¯I ·DZI − 1
4
F i · F i, (18)
with the field strength and the covariant derivative defined in (14). Substituting the
expressions for the field strength and the covariant derivative the lagrangian (18)
becomes:
L1 = −1
2
[
(∂µA
i
ν)(∂
µAiν − ∂νAiµ)− 2g2〈RIi R¯Ij GII〉AiµAjµ
]
. (19)
This expression means that the mass matrix (squared) of spin–1 particles is
(m21)ij = 2g
2〈RIi R¯Ij GII〉 (20)
From (20), the trace of the mass matrix squared for gauge fields Aiµ is
3Trm21 = 6g
2〈RIi R¯Ii GII〉 = 6g2 〈GIIMi,IMi,I〉. (21)
The last equality follows up on using (7).
Turning to the spin–1
2
mass matrix, we collect all the terms bilinear in fermionic
fields in lagrangian (13) with possible vacuum expectation values 〈ZI〉. They read
L 1
2
= −2〈GII〉ψ¯IL ∂/ ψIL − 2λ¯iL∂/λiL + 2
√
2i g
(
Mi,Iλ¯iR ψIL −Mi,Iψ¯ILλiR
)
+ . . . , (22)
where the dots represent total derivatives terms that do not affect the action. The
non-vanishing mass term can be written in a matrix form as
L 1
2
= −2〈GII〉ψ¯IL ∂/ ψIL + 2λ¯iL∂/λiL + 2
(
ψ¯
I
L λ¯
i
R
)
MF
(
ψIL
λjR
)
(23)
with the fermion mass matrix evaluated at the classical minimum of the potential
MF =
(
0 −i√2gMi,I
i
√
2gMi,I 0
)
. (24)
From this expression we obtain the mass matrix squared of spin–1
2
particles
(
M21
2
)
=
(
MF M
†
F
)
=
(
2g2 〈Mi,IMi,I〉 0
0 2g2 〈GIIMi,IMj,I〉
)
. (25)
This mass matrix has to be normalized such that the kinetic terms of the fermionic
fields take the standard form
LDirac = −2χ¯I(∂/ −MIJ)χJ . (26)
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This is achieved by multiplying the mass matrix (24) with the inverse metric GII
and introduces the Dirac fermions as a combination of a left-handed chiral fermions
ψIL and the right-handed gauginos λ
i
R. As a result, the trace of the mass matrix
squared of spin–1
2
particles is then
Trm21
2
= TrM21
2
= 4g2 〈GIIMi,IMi,I〉. (27)
The last thing we need is the scalar mass matrix (squared). The lagrangian has
the form
L0 = −GII ∂ZI · ∂Z¯I − V (Z, Z¯). (28)
By expanding the scalar potential V (Z, Z¯) to second order in complex fluctuation
Z˜I around the minimum ZI = 〈ZI〉, the bilinear terms are
L0 = −〈GII〉 ∂Z˜I · ∂ ˜¯ZI + 〈V,II〉Z˜I ˜¯ZI + 1
2
〈V,IJ〉Z˜IZ˜J + 1
2
〈V,IJ〉 ˜¯ZI ˜¯ZJ
= −〈GII〉 ∂Z˜I · ∂ ˜¯ZI − 1
2
(
Z˜I ˜¯ZI
)
M20
(
˜¯ZJ
Z˜J
)
, (29)
with the spin–0 mass matrix squared M20 :
M20 =
( 〈VIJ〉 〈VIJ〉
〈VIJ〉 〈VIJ〉
)
. (30)
In a similar fashion the bosonic mass eigenstates have to be normalized such that
their kinetic lagrangian takes the standard form. This is achieved again by multi-
plying the mass matrix squared (30) with the inverse metric GII :
Tr M˜20 = 2 〈GII VII〉. (31)
From the scalar potential
V =
g2
2
(Mi + ξi)2 (32)
obtained from our general lagrangian (13), one has
VII = g
2
(
MiIMiI + (Mi + ξi)MiII
)
. (33)
After substituting the second mixed derivative of the scalar potential (33) in (31)
we obtain the trace of the spin-less mass matrix squared:
Trm20 = 2 g
2GII
(
MiIMiI + (Mi + ξi)MiII
)
. (34)
Finally, collecting results (34), (21) and (27) leads to the general mass sum rule for
non-abelian gauged supersymmetric non-linear sigma models without a superpoten-
tial:
STrm2 = 2g2GII (Mi + ξi)MiII , Di = (Mi + ξi) (35)
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which is valid for arbitrary vacuum expectation values 〈ZI〉.
The general mass sum rule for Yang-Mills theories with local supersymmetry,
was derived by Cremmer, Ferrara, Girardello and van Proeyen [12]. It has also
been derived in superspace by considering 1-loop divergences [13, 14, 15] in the
(non–singular) field space
STrm2 = 2iDiR
iI
;I = 2iDi
[
RiI ,I + R
iJ ΓIJI
]
. (36)
The equivalence of this result (36) to ours (35) is rather easy to show using (7).
Observe here, that the first term RiI ,I in (36) always vanishes in supersymmetric σ-
models on Ka¨hler cosets with anomalies canceled by matter as in models considered
here (non-abelian gauged supersymmetric non-linear sigma models.)
Some comments are in order here about the formula (35). It has been derived on
the assumption that the Ka¨hler metric GII is invertible. However, in some cases as
we will discuss in the following sections, the Ka¨hler metric GII develops a zero mode
in the minimum of the potential; and the analysis of the theory becomes compli-
cated by the appearance of the infinities at the classical level. A particular solution
to this problem is to shift the minimum of potential away from the position where
the singularities occur by adding to the model extra terms which break supersym-
metry explicitly. These new terms, which break supersymmetry without generating
unwanted quadratic divergences are called soft breaking terms.
Explicit breaking of global supersymmetry has been discussed in [16]. Here we
only focus on the scalar soft breaking mass term, relevant for later applications:
Lbreak = |µ|2X(Z, Z¯). (37)
Here X is real scalar which is invariant under the full set of the isometries G, and
µ2 is real and nonzero.
After the addition of the soft breaking terms (37), the supertrace formula be-
comes
STrm2 = 2g2GII (Mi + ξi)MiII + 2µ2GII XII . (38)
4 Analysis of particle spectrum of SO(10)/U(5)–
spinor model
From the point of view of unification the coset space SO(10)/[SU(5)×U(1)] is a very
interesting for phenomenological applications as both SO(10) and SU(5) are often
used GUT groups. However, a supersymmetric model built on the SO(10)/[SU(5)×
U(1)] coset is not free of anomalies by itself as all the 10 anti-symmetric complex
coordinates zij and their chiral superpartners ψijL (i, j = 1, . . . , 5) of this manifold
carry the same charges. To construct a consistent supersymmetric model on this
coset one has to include the fermion partners of the coordinates in an anomaly-free
representation. As SU(5) representations are not anomaly free by themselves, we
have to use the full SO(10) representations for our additional matter coupling in
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this case. This has been achieved in [4] by introducing a singlet 1 and completely
anti-symmetric tensor with 4 indices which is equivalent to 5¯ to complete the set of
complex chiral superfields to form a 16 of SO(10). The anti-symmetric coordinates of
the coset are combined into a 10 of SU(5) with a unit U(1) charge. An anomaly free
representation is obtained using the branching of the 16. Indeed, its decomposition
under SU(5) reads
16 = 10(1) + 5¯(−3) + 1(5), (39)
where the numbers in parentheses denote the relative U(1) charges. Therefore,
the supersymmetric model on the coste SO(10)/U(5) is defined by three chiral
superfields (Φij,Ψi,Ψ): the target manifold SO(10)/U(5) is parametrized by 10
anti-symmetric complex fields zij in a chiral superfield Φij = (zij , ψijL , H
ij), to which
are added SU(5) vector and scalar matter multiplets denoted respectively by Ψi =
(ki, ωL i, Bi), and Ψ = (h, ϕL, F ).
The complete Ka¨hler potential of the model is
K(z, z¯; k, k¯; h, h¯) = 1
2f 2
Kσ(z, z¯) +K1 +K5¯,
=
1
2f 2
ln detχ−1 + |h|2 e−2f2Kσ + ef2Kσkχ−1k¯ (40)
with the submetric χ−1 = 11 + f 2zz¯ and ef
2Kσ = (detχ)−1. The dimensionfull con-
stant f is introduced to assign correct physical dimensions to the scalar fields (z, z¯).
The Ka¨hler metric GII derived from this Ka¨hler potential K possesses a set of holo-
morphic Killing vectors generating a non-linear representation of SO(10):
δz =
1
f
x− uT z − zu + f zx†z,
δh = 2tr(f zx† − uT )h,
δk = −k
(
−uT + f zx† + tr(−uT + f zx†)11
)
, (41)
Here u represents the parameters of the linear diagonal U(5) transformations, and
(x, x†) are the complex parameters of the broken off-diagonal SO(10) transforma-
tions. It is readily checked that under the transformations (41) the Ka¨hler potential
K transforms as in eq. (9):
δK = tr(f zx† − uT ) + h.c. = F (z) + h.c. . (42)
This result guarantees the invariance of the metric, as expected if the the transfor-
mations (41) are isometries. Equivalently, one may check that the Killing vectors
(41) satisfy the Killing equation (4) with a metric of the form
GII =
∂2K
∂ZI∂Z¯I
=


Gσzij z¯kl Gzij k¯i Gzij h¯
Gkiz¯ij Gkik¯j 0
Ghz¯ij 0 Ghh¯

 . (43)
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4.1 Gauging of the full SO(10) isometries
In order for the chiral fermions (ψijL , ωLi, ϕL) to have a physical interpretation as de-
scribing a family quarks and leptons, in this section we introduce gauge interactions.
In this case supersymmetry implies the addition of a potential from elimination of
the auxiliary Di fields by substitution for the Killing potentials [17]. We consider
the case in which the full SO(10) isometry is gauged. We denote collectively the
SO(10) gauge fields as Aµ = (Uµ,W
†
µ,Wµ) with W
†
µ and Wµ the gauge fields cor-
responding to the broken SO(10) transformations parametrized by (x, x†) and with
Uµ, the gauge field of the diagonal transformations parametrized by u. This requires
the introduction of covariant derivatives for the dynamical fields:
Dµz = ∂µz − g10
( 1
f
Wµ − UTµ z − Uµz + fzWµ†z
)
,
Dµk = ∂µk + g10 k
(
fWµ
†z − UTµ + tr(fWµ†z − UTµ )11
)
,
Dµh = ∂µh− 2g10tr
(
fWµ
†z − UTµ
)
h. (44)
In the construction of these covariant derivatives we replaced the infinitesimal pa-
rameters (x, x†) by gauge fields.
For the D–term scalar potential we need the SO(10) Killing potentials. The full
Killing potential M generating the Killing vectors (41) can be written as
M(u, x†, x) = tr
(
uMu + x†Mx + xM†x
)
, (45)
with the U(5) Killing potentials Mu, and the broken Killing potentials (Mx,Mx†)
given by [4]
−iMu = M (11− 2f 2z¯χz) + ef2Kσ(kT k¯T − f 2z¯k¯kz),
−iMx† = f z¯χM + fef2Kσ z¯k¯k, (46)
−iMx = −fχzM − fef2Kσ k¯kz, M = 1
2f 2
− 2|h|2 e−2f2Kσ + ef2Kσkχ−1k¯.
Alternatively, the D–term potential arising from gauging of SU(5)×U(1) including
a Fayet-Iliopoulos parameter ξ is
V =
g21
10
(ξ − iMY )2 + g
2
5
2
tr(−iMt)2, (47)
with g1 and g5 are the U(1) and SU(5) gauge couplings respectively. The U(1)
Killing potential MY is defined as the trace of U(5) Killing potential Mu whereas
the remaining SU(5) Killing potential Mt is defined as a traceless part of Mu:
Mt =Mu − 1
5
MY 11, MY = trMu. (48)
The case of fully gauged SO(10) is obtained by taking the coupling constants equal:
g1 = g5 = g10, and the Fayet-Iliopoulos term to vanish: ξ = 0.
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The coupling of the gauge multiplets to the supersymmetric non-linear σ–model
on SO(10)/U(5) has interesting consequences for the spectrum. It can induce spon-
taneous breaking of supersymmetry, and further spontaneous breaking of the inter-
nal symmetry. For example, if we gauge the full SO(10), all the Goldstone bosons
(z, z¯) are absorbed by the vector bosons (W †µ,Wµ) which become massive. In this
case we may choose to study the model in the unitary gauge z = z¯ = 0. However, it
was found in [4] that in this gauge, the Ka¨hler metric (43) develop zero-modes in the
vacuum: the metric Gσzij z¯kl for the Goldstone bosons and their fermions vanishes.
To see this, we start from the scalar potential (47). As already stated, we choose
the unitary gauge: z = z¯ = 0, ξ = 0, and g1 = g5 = g10. Then the potential for the
fully gauged SO(10) model becomes
Vuni =
g210
10
(
10|h|2 − 5
2f 2
− 6|k|2
)2
+
2
5
g210
(
|k|2
)2
. (49)
From this we see that we only have a supersymmetric minimum if
|k|2 = 0, |h|2 = 1
4f 2
. (50)
It can be seen immediately that this solution yields the vanishing of the Ka¨hler
metric:
Gzz¯ = Gσ(ij)
(kl) = δ
[k
i δ
l]
j
( 1
2f 2
− 2|h|2 + |ki|2
)
+k(kδ(i
l)k¯j) = 0. (51)
In this case the kinetic terms of the Goldstone superfield components vanish, there-
fore, mass terms for the SO(10) gauge fields (W †µ,Wµ) vanish as well. Moreover,
the theory becomes strongly coupled, with some of the four–fermion interactions
exploding, namely:
L4−ferm = Rzz¯hh¯ ψ¯RψL ϕ¯LϕR + perm. (52)
with the curvature components given by
Rzz¯hh¯ = R(ij)
(kl)
hh¯ = −2f 2δ[ki δl]j
(
1 + 2|h|2( 1
2f2
− 2|h|2)−1
)
. (53)
This may point to a restauration of the SO(10) symmetry. Clearly, not all of the
physics described by this model is yet understood.
4.2 Softly broken supersymmetry
To avoid the problem of vanishing of the Ka¨hler metric, we shift the minimum of
the potential away from the singular point by adding SO(10)-invariant soft super-
symmetry breaking scalars mass terms
∆V = µ21 |h|2 e−2f
2Kσ + µ22 e
f2Kσkχ−1k¯ (54)
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to the potential. As a result the minimum of the potential is shifted to a position
where the expectation value of the Ka¨hler metric is not vanishing; and the scalar h
gets a vacuum expectation value
|k|2 = 0, |h|2 = v2 = 1
4f 2
− µ
2
1
20g210
, µ21 <
5g210
f 2
, (55)
breaking the linear local U(1) subgroup. The corresponding U(1) vector becomes
massive; and the remaining vectors of SU(5) stay massless. In the fermionic sec-
tor, two Dirac fermions are realized as a combination of the fermions of the chiral
multiplets with the gauginos.
We now present details of the above mass spectrum. Since in general SO(10) is
broken in the vacuum, the Goldstone bosons (z¯, z) are absorbed in the longitudinal
component of the charged vector bosons, and we may choose the unitary gauge
z¯ = z = 0. In this gauge the Ka¨hler metric in the minimum (55) is automatically
diagonal:
GII =

 Gσ(ij)(kl) 0 00 Gij 0
0 0 Ghh¯

 =

 δ
[k
i δ
l]
j
µ21
10g210
0 0
0 δi j 0
0 0 1

 , (56)
and all the z dependence is removed from the covariant derivatives (44). To calculate
the bosonic mass spectrum, we consider the bosonic part of the model, which up to
the kinetic terms for the gauge bosons is described by the action
Lbos = −g210Gσ(ij)(kl)W¯ (ij) ·W(kl) −Dk¯i ·Dki −Dh¯ ·Dh− Vfull
−1
4
[1
2
F¯(ij)(W ) · F (ij)(W ) + F i j(U) · F i j(U)
]
+ . . . , (57)
where Vfull is given by Vuni eq. (49) and ∆V eq. (54). In this expression the covariant
derivatives include only the U(5) gauge field. To identify the masses of the gauge
fields, we decompose the U(5) vector multiplet U ij = (U
i
µj ,Λ
i
Rj) into a U(1) and
SU(5) vector multiplets denoted respectively by A = (Aµ, λR) and V
i
j = (V
i
µj , λ
i
Rj):
V = U − 1
5
A115 tr(V ) = 0, A = tr(U). (58)
It follows that the kinetic terms for the SU(5)× U(1) gauge fields become
−1
4
trF 2µν(U)− Λ¯jRi
↔
∂/ ΛiRj = −
1
5
(1
4
F 2µν(A) + λ¯R
↔
∂/ λR
)
+
1
4
tr[F 2µν(V )]
−λ¯jRi
↔
∂/ λiRj . (59)
Notice that the kinetic terms for the U(1) multiplet are not canonically normalized.
To obtain the standard normalization, we redefine the U(1) multiplet according to
A→
√
5(A˜µ, λ˜R). (60)
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With the redefined fields, the kinetic terms for the gauge fields become
Lgauge = −1
4
[1
2
F¯(ij)(W ) · F (ij)(W ) + F 2µν(A˜) + F i j(V ) · F i j(V )
]
−˜¯λR
↔
∂/ λ˜R − 1
2
(1
2
λ¯
(ij)
R
↔
∂/ λ(ij)R +
1
2
λ¯
(ij)
L
↔
∂/ λ(ij)L
)
−λ¯iR j
↔
∂/ λiR j. (61)
Apart from the scalar h, the masses of the gauge fields can be read off easily form
the lagrangian Lbos given by eq. (57); they read:
m2W =
4
f 2
g210M0, m
2
A˜
= 40g210v
2, M0 = (
1
2f 2
− 2|v|2
)
=
µ21
10g210
> 0. (62)
By expanding the potential Vfull to second order in ρ and k˜ with scalar ρ defined by
h = (v +
1√
2
ρ)e
1√
2v
iα
, (63)
around the absolute minimum (55) we find
Vfull = Vuni +∆V =
1
2
m2ρ ρ
2 +m2
k˜
k˜2 + . . . , (64)
with m2ρ = 40g
2
10v
2 and m2
k˜
= 1
f2
(
3µ21
5
+ µ22).
Next we construct the fermionic mass terms. The quadratic part of the la-
grangian is
Lferm = −˜¯λR
↔
∂/ λ˜R − 1
4
(
λ¯
(ij)
R
↔
∂/ λ(ij)R + λ¯
(ij)
L
↔
∂/ λ(ij)L
)
−λ¯iR j
↔
∂/ λiR j
−Gσ(ij)(kl) ψ¯(ij)L
↔
∂/ ψ(kl)L − ω¯iL
↔
∂/ ωiL − ϕ¯L
↔
∂/ ϕL
+2
√
2g10Gσ(ij)
(kl)
[ 1
f
λ¯
(ij)
R ψL(kl) + h.c.
]
+2
√
2g10
[
2
√
5v ˜¯λRϕL + h.c.
]
.(65)
As a result, two Dirac fermions are formed by combining the quasi-Goldstone fermions
ψ
[ij]
L and ϕL with the right-handed gauginos λ
[ij]
R and λ˜R according to:
Ψ = λ˜R + ϕL, Λ
[ij] =
√
M0ψ
[ij]
L +
1
2
λ
[ij]
R . (66)
In terms of these fields, the fermionic lagrangian becomes
Lferm = −Λ¯(
↔
∂/ −mΛ)Λ− Ψ¯(
↔
∂/ −mΨ)Ψ− λ¯iR j
↔
∂/ λiR j −
1
4
λ¯
(ij)
L
↔
∂/ λ(ij)L
−ω¯iL
↔
∂/ ωiL, (67)
with the masses mΛ =
√
2µ1√
5f
and mΨ = 2g10v
√
10. The 5¯ of the left-handed chiral
fermions ωiL, the 10 of the left-handed gaugino’s λ
[ij]
L , and the Majorana fermions
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fermions
mass m2Ψ m
2
Λ m
2
λ
[ij]
L
m2
λij
m2ω
value 40g210v
2 2µ
2
1
5f2
0 0 0
vectors
mass m2
A˜
m2W m
2
V
value 40 g210v
2 µ
2
1
5f2
0
scalars
mass m2ρ m
2
k˜
value 40 g210v
2 1
f2
(
3µ21
5
+ µ22)
Table 1: Fully gauged SO(10) mass spectrum in the presence of soft supersymmetry
breaking.
λiRj that are the gauginos of the unbroken SU(5) symmetry remain massless. Notice
here that in the limit µ21,2 → 0 and g10 = g1, one gets the same massive multiplets
in the model with only gauged linear subgroup SU(5) × U(1) (see table 3). The
only difference is, that in the case of gauged linear subgroup SU(5) × U(1) there
are 20 massless Goldstone bosons (˜¯z, z˜), and their superpartners (ψL, ψ¯L); and no
gauge bosons (W¯ ,W ) of the 20 broken generators of SO(10). (We have observed a
similar thing to happen also in E6/SO(10)× U(1) model discussed in the following
section.) From the massive spectrum of the theory as summarized in the table 1 ,
we obtain the general supertrace formula (38)
STrm2 = m2ρ + 2m
2
k˜
+ 3m2
A˜
+ 6m2W − 4m2Ψ − 4m2Λ =
1
f 2
(4
5
µ21 + 2µ
2
2
)
. (68)
Of course, the present theory cannot be regarded as complete. On the one
hand, extra fermions must be coupled to the lagrangian (40) to represent the other
families of quarks and leptons. Therefore the model must consist of (at least) three
copies of 10 , 5 and 1 of SU(5) representations in its spectrum, of which one of
the 10 are Goldstone bosons of the coset space. On the other hand, since one
must require the remaining SU(5) symmetry to break down at lower energy to
SU(3) × SU(2)L × U(1), additional interactions are required. For example, we
can add the 24 representation of SU(5) to break SU(5) down to smaller symmetry
group, which can still accommodate at least unbroken SU(3)× U(1). However, the
symmetry breaking in SU(5)-GUT via the 24 (Φ) that acquires a v.e.v. of the form
〈Φ〉 = diag
(
v, v, v,−3
2
v,−3
2
v
)
, (69)
is problematic. This is because the Higgs-doublets and Higgs-triplets, originating
from the 5 and 5 representations will naturally have almost the same effective mass.
Now these masses should be very large in order to avoid proton decay but on the
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Dimension U(1) Notation Description of the type of fields
repr. charges
10 1 zij SO(10)/[SU(5)× U(1)] coset coordinates
5 -3 ki Matter additions to 10
1 5 h to complete the 16
10 1 xij
5 -3 vi Second family
1 5 a
10 1 yij
5 -3 ni Third family
1 5 h
24 0 si j Higgs for breaking the SU(5)
group to the standard model
5 -2 ci Higgses for breaking the GSM
5 2 ci group to the SU(3)× U(1)
Table 2: The various SU(5) representations used for our construction of a phenomeno-
logical model build around SO(10)/[SU(5)×U(1)]. The first column gives the dimension
of the representations, the second column their charges, the third column the notation
we use for the scalar components of chiral multiplets. A brief description of what these
fields are is given in the last column.
other hand small, else the standard model Higgses are far too heavy. This incon-
sistency is called the doublet-triplet-splitting problem. A way out of this problem
is provided by the Dimopoulos-Wilczek mechanism [20] as is discussed in ref. [19],
and recently by Witten [21]. Such an analysis of including other families of quarks
and leptons as well as additional interactions to break SU(5) down to the standard
model gauge group is outside the scope of this paper and requires further devel-
opment. For the moment we are satisfied with the observation that it is at least
possible to cure some of the difficulties mentioned above for the present model with
the scalar particle content summarized in table 2 in principle.
4.3 Gauging of the linear subgroup SU(5)×U(1)
As an alternative to gauging SO(10), one can gauge only the linear subgroup SU(5)×
U(1) instead. This explicitly breaks the non-linear global SO(10). It is then allowed
in principle to construct superpotentials which are invariant only under the local
gauge symmetry. In addition, when gauging any group containing the U(1) as a
factor, the introduction of a Fayet-Iliopoulos term is allowed. It turns out, that the
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scalars
mass m2ρ m
2
k˜
m2z˜
value 40 g21v
2 0 0
vectors
mass m2
A˜
m2V
value 40 g21v
2 0
fermions
mass m2Ψ m
2
ωiL
m2
ψ
(kl)
L
m2
λ¯i
R j
value 40 g21v
2 0 0 0
Table 3: Supersymmetric gauged SU(5)× U(1) mass spectrum
corresponding models are indeed well-behaved for a range of non-zero values of this
parameter.
As the SU(5)×U(1) subgroup of SO(10) symmetry is not broken in the original
σ-model, the Killing vectors corresponding to these symmetries are linear in the
fields. The gauge covariant derivatives are then the usual one:
Dµh = ∂µh− 2
√
5g1A˜µh, Dµk = ∂µk + g5(V
T
µ +
√
5A˜µ)k,
DµϕL = ∂µϕL − 2
√
5g1A˜µϕL, DµωL = ∂µωL + g5(V
T
µ +
√
5A˜µ)ωL. (70)
To determine the physical realization and the spectrum of the theory, we have to
minimize the potential (47). This potential has absolute minimum at zero if
|z|2 = |k|2 = 0, |h|2 = 1
4f 2
+
1
10
ξ = v2, − 5
2f 2
≤ ξ < 0. (71)
This solution is supersymmetric and spontaneously breaks U(1), whilst SU(5) is
manifestly preserved. As a result, the U(1) gauge field A˜µ become massive with a
mass m2
A˜µ
= m2ρ, the mass of the real scalar ρ defined by (63). The remaining vectors
Vµ of SU(5) stay massless. Of the gauginos, the right-handed components of the
U(1) gauge multiplet λ˜R combine with the left-handed chiral fermions ϕL to become
massive Dirac fermions with the same mass as the gauge boson A˜µ. However, the
Majorana fermions λiR j that are the gauginos of unbroken SU(5) symmetry stay
massless.
To see how this result is obtained in more detail, first notice that the mass term
of the U(1) vector field is generated through the kinetic terms by the v.e.v. of h,
and reads
m2
A˜
= 40g21 v
2 (72)
Next we construct the kinetic terms and potential for the real scalar ρ; it reads
L(ρ) = −1
2
[
∂ρ · ∂ρ− 40g21 v2ρ2
]
+..., (73)
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with ρ defined by equation (63). We then find that ρ represents a real scalar of
mass m2ρ = m
2
A, the vector boson mass. Finally, the kinetic and mass terms for the
fermion fields are given by equation (65) with g10 = g1, but without the gauginos of
the 20 broken generator of SO(10) (hence the terms involving λ¯
(ij)
R are absent.)
Lferm = −˜¯λR
↔
∂/ λ˜R − λ¯iR j
↔
∂/ λiR j −Gσ(ij)(kl) ψ¯(ij)L
↔
∂/ ψ(kl)L − ω¯iL
↔
∂/ ωiL − ϕ¯L
↔
∂/ ϕL
+2
√
2g1
[
2
√
5v ˜¯λRϕL + h.c.
]
. (74)
It follows that the Dirac spinor Ψ = λ˜R + ϕL satisfies the massive Dirac equation
(∂/+mΨ)Ψ = 0, (75)
with m2Ψ = m
2
A = m
2
ρ. This establishes the presence of a massive vector supermulti-
plet (Aµ, ρ,Ψ) with mass squared given in table 3.
We end this section by remarking that one can also consider gauging either the
U(1) (g5 = 0) or SU(5) (g1 = 0) symmetry. In the first case when gauging only the
U(1) symmetry, the minimum potential is at the same point as in the SU(5)×U(1)
gauging. Therefore the above discussion applies here and one gets the same spectrum
with equal masses for the U(1) gauge multiplet. On the other hand, if only SU(5) is
gauged, the potential reaches its minimum at z = k = 0. Then no supersymmetry
breaking or internal symmetry breaking occurs and all particles in the theory are
massless.
5 Analysis of particle spectrum of E6/SO(10) × U(1)
model
We turn our attention in this section to another well known model with a phe-
nomenologically interesting particle spectrum, defined by the homogeneous coset
space E6/SO(10)×U(1) [10, 11]. The target manifold E6/SO(10)×U(1) is parametrized
by 16 complex fields zα in a chiral superfield Φα = (zα, ψLα, Hα) (α = 1, ..., 16),
transforming as a Weyl spinor under SO(10). Their chiral fermion superpartners
have the quantum numbers of one full generation of quarks and leptons, including
a right-handed neutrino. To cancel the U(1)-anomaly the model is extended to a
complete 27 of E6. According to the branching rule: 27 → 16(1) + 10(−2) + 1(4),
where the numbers in parentheses denote the relative U(1) weights. With this choice
of matter content, the cancellation of chiral anomalies of the full E6 isometry group
is achieved [3] by introducing a superfield Ψm = (Nm, χLm) (m = 1, . . . , 10) which is
equivalent to a 10 of SO(10) with U(1) charge -2; and finally a singlet Λ = (h, χL)
of SO(10), with U(1) charge +4.
The anomaly-free supersymmetric σ–model on E6/[SO(10) × U(1)], is defined
by three chiral superfields (Φα,Ψm,Λ) with Ka¨hler potential given by
K(Φ, Φ¯; Ψ, Ψ¯; Λ, Λ¯) = Kσ + e−6f2Kσ |h|2 + gmnN¯mNne6f2Kσ , (76)
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with Kσ = z¯.[Q
−1 ln(1 + Q)].z, the σ-model Ka¨hler potential. We have introduced
a constant f with the dimension m−1, determining the scale of symmetry breaking
E6 → SO(10)× U(1). The positive definite matrix Q is defined as
Qα
β =
f 2
4
Mβδαγ z¯
γzδ, M
βδ
αγ = 3δ
+β
α δ
+δ
γ −
1
2
Γ+ βmnα Γ
+ δ
mnγ . (77)
Here Γ+mn = Γmnδ
+ are the generators of the SO(10) on positive chirality spinors of
SO(10) [10], and δ+ is the 10-D positive chirality projection operator. Furthermore
gmn is the induced metric for the 10-vector representation defined by
gmn =
1
16
tr
(
gT (ΣmC)
†gT (ΣnC)
)
and gT = (1116 +Q)
−2. (78)
The lagrangian constructed from the Ka¨hler potential (76) is invariant under a set
of holomorphic Killing vectors generating a non-linear representation of E6:
δzα =
i
2
θ
√
3zα − 1
4
ωmn(Γ
+
mn · z)α +
1
2
[ i
f
ǫβδ
β
α −
if
4
ǫ¯βMγδαβzγzδ
]
,
δh = 2i
(√
3θ − 3f ǫ¯ · z
)
h,
δNn = −i
√
3θNn − ωnmNm − if ǫ¯ · (Γ+mn − 3δ+mn) · zNm (79)
where δ+mn = δmnδ
+, and θ, ωmn and ǫα, ǫ¯
α are the infinitesimal parameters of the
U(1), SO(10) and broken E6 generators respectively. The corresponding Killing
potentials are
Mi =MiE − 1
8
e6KσM βi,α g
δ
Tγ (CΣ¯m)
αγ(ΣnC)βδN¯mNn, (80)
with E and the σ-model Killing potentials Mi = (Mθ,M
(mn), M¯β ,Mβ) given by
Mθ =
1
f 2
√
3
− 1
2
√
3z¯αKσ,α, M
mn = − i
2
z¯αΓ+mnα
βKσ,γ
M¯β = −1
f
Kσ,
β, Mβ = −1
f
Kσ,β, E = 1− 6e−6Kσ |h|2 + 6e6KσgmnN¯mNn.(81)
Observe the presence of the constant term in the U(1) Killing potential Mθ which
is required to close the Lie algebra on the Killing potentials.
5.1 The gauged model
Apart from the pure supersymmetric σ–model determined by this Ka¨hler potential
(76), we consider models in which (part of) the isometries (79) are gauged. As the E6
is broken, the Higgs mechanism operates as follows: the Goldstone bosons (z¯α, zα)
are absorbed in the longitudinal component of the charged vector bosons, and if the
full E6 is gauged, we may choose the unitary gauge z¯
α = zα = 0. To analyze the
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model in this gauge, we introduce the covariant derivatives for the dynamical fields.
The expressions for gauge-covariant derivatives of the complex scalar and fermions
fields read
Dµzα = ∂µzα − g
( i
2
√
3zαAµ +
1
4
(Γ+mnz)αAµ(mn) +
1
2
(
i
f
Aαµ − if
4
A¯βµM
γδ
αβ zγzδ)
)
,
Dµh = ∂µh− 2ig
(√
3Aµ − 3fA¯αµzα
)
h,
DµNn = ∂µNn + i
√
3gAµNn + gAµ(mn)Nm + ifgA¯µ · (Γ+mn − 3δ+mn) · zNm
DµψLα = ∂µψLα − g
( i
2
√
3AµψLα +
1
4
Aµ(mn) Γ
+
mnψLα −
if
4
A¯βµM
γδ
αβ zγψLδ
)
,
DµχL = ∂µχL − 2ig
(√
3AµχL − 3fgfA¯αµ(ψLαh+ χLzα)
)
, (82)
DµχLn = ∂µχLn + g
(
2i
√
3AµχLn + Aµ(mn)χLm + ifA¯µ · (Γ+mn − 3δ+mn) · (ψLNm + χLmz)
)
Here we have introduced the notation (Aµα, A¯
α
µ) for the 32 charged gauge fields
corresponding to the broken E6 transformations; Aµ(mn) and Aµ are the gauge fields
for the remaining SO(10) and U(1) transformations respectively.
We have now to add the kinetic terms for the vector multiplets. They are of the
canonical form
Lgauge = −1
2
(
λ¯αR
↔
D/ λRα + λ¯
α
L
↔
D/ λLα
)
−1
2
λ¯
(mn)
R
↔
D/ λ
(mn)
R − λ¯R
↔
D/ λR
−1
4
(
F 2µν +
1
2
F (mn)2µν + F¯µν
αFµνα
)
+
1
2
(
D¯αDα +
1
2
D(mn)2 +D2
)
(83)
Here we have included a factor 1
2
to correct for double counting due to anti-symmetry
of the indices mn.
Next we couple the gaugino fields to the quasi-Goldstone ψαL and matter fermions
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(χmL , χL) through the Yukawa coupling
LYuk = 2
√
2g Gzαz¯β
[(
− i
2
√
3z¯αλR − 1
4
(z¯ · Γ+mn)αλ¯R(mn) +
i
8
f z¯αz¯δMβαδγ λRβ
− i
2f
λ¯αR
)
ψLβ
]
+2
√
2g GNmN¯n
[(
i
√
3N¯mλ¯R − N¯lλ¯R(ml) + ifN¯mz¯ · (Γ+mn
−3δ+mn) · λR
)
χLn
]
+2
√
2g Ghh¯
[
−2ih¯
(√
3λ¯R − 3f z¯ · λR
)
χL
]
+2
√
2g Gzαh¯
[
−2ih¯
(√
3λ¯R − 3f z¯ · λR
)
ψLα + χ¯L
( i
2
√
3zαλR
−1
4
λR(mn)(Γ
+
mn · z)α
)
−1
2
χ¯L
(
i
f
4
λ¯βRM
γδ
αβ zγzδ −
i
f
λRα
)]
+2
√
2g GzαN¯m
[(
i
√
3N¯mλR + N¯lλR(ml) + ifN¯
nz¯ · (Γ+mn − 3δ+mn) · λR
)
ψLα
+χ¯Lm
( i
2
√
3zαλR − 1
4
λR(mn)(Γ
+
mn · z)α
)]
+h.c.. (84)
Here (Gzαz¯β , GNmN¯n, . . . ) are the second mixed derivatives of the Ka¨hler metric
GII = K,II , where I = (zα, Nn, h) and I = (z¯α, N¯n, h¯).
Finally, elimination of the auxiliary fields (Dα, D(mn), D) from (83) leads to the
scalar potential
VD =
g2
2
∑
i
[Mi]2 = g
2
2
(
M2θ +
1
2
M2mn + M¯βMβ
)
. (85)
5.1.1 Gauging of the full E6 symmetry
In this section, we discuss in some detail the gauging of the full non-linear E6. In
this case as already stated, we can choose to study the model in the unitary gauge in
which all the Goldstone bosons vanish: zα = z¯α = 0. This implies that the broken
Killing potentials M¯β and Mβ vanish automatically, leaving us with SO(10) and
U(1) Killing potentials Mθ and Mmn:
Mθ = 1
f 2
√
3
− 2
√
3|h|2 +
√
3
∑
m
|Nm|2, Mmn = −i
(
N¯mNn − N¯nNm
)
.(86)
Then the full potential becomes
Vunitary =
g2
2
( 1
f 2
√
3
− 2
√
3|h|2 +
√
3
∑
m
|Nm|2
)2
+
g2
2
∑
m,n
|N¯mNn − N¯nNm|2.(87)
Observe here that in the unitary gauge, the potential contains only the terms that
one also gets in gauging SO(10)× U(1). Minimization of the potential leads to the
following set of supersymmetric minima characterized by the equation
|N¯mNn − N¯nNm|2 = 0, |h|2 = 1
6f 2
+
1
2
∑
m
|Nm|2. (88)
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The value of the potential vanishes: 〈V 〉 = 0, hence it is the absolute minimum of
the potential. From (88), it follows that |h| 6= 0 and the U(1) gauge symmetry is
always broken; a solution with |Nm| = 0 is possible, preserving SO(10). However,
solutions with |Nm| 6= 0 breaking SO(10) are allowed, and expected in the next stage
of the symmetry breaking. For example, SO(10) broken solution can be chosen as
fN¯m =
(
0 0 0 0 0 0 0 0 0 v10
)
, |h|2 = |vh|2 = 1
6f 2
+
v210
2f 2
. (89)
Since the complex scalar Nm gets a vacuum expectation value; this breaks the in-
ternal linear SO(10) symmetry, leaving only SO(9). This shows that for gauged
E6, supersymmetry is always preserved, and therefore, one expects the spectrum of
physical states fall into supersymmetric multiplets with vanishing mass supertrace.
Indeed the general mass sum rule (35) leads to
STrm2 = 2g2GIIMiMi,II = 0. (90)
As we have gauge the full E6 the standard linear Fayet–Iliopoulos term is of course
absent.
5.1.2 Softly broken supersymmetry
In this subsection we discuss the particle spectrum of the theory at the minimum
with SO(10) invariant solution:
|Nm|2 = 0, |h|2 = 1
6f 2
. (91)
This shows that the internal symmetry SO(10)×U(1) is broken to SO(10). However,
this solution is not acceptable by itself, as it leads to the to the vanishing of the
metric of the σ–model fields Gα
β = 0 (and hence the masses of the 32 E6 gauge
fields Aαµ vanish) To see that in more detail, we first recall that the Ka¨hler metric
derived from the Ka¨hler potential K (76) in the unitary gauge reduces to the form:
GII = KII =

 δ
β
α
(
1
f2
− 6|h|2 + 18|Nm|2
)
−4N¯mNn(Γ+mn)α β 0 0
0 δmn 0
0 0 1

 . (92)
It is not difficult to see that at the minimum (91) the Ka¨hler metric of the σ-
model fields in the upper-left coner of (92) vanishes; and the four-fermion term
Rzαz¯βhh¯ ψ¯
α
R ψ
β
L χ¯L χR diverge, just like in the SO(10)/U(5)–spinor model. Clearly,
in this domain the model no longer correctly describes the physics of the situation
(i.e., the correct vacuum and the corresponding spectrum of small fluctuations).
Therefore we add soft breaking terms to shift the minimum a way from the singular
point, as we discussed in section 4. These terms involve mass terms of the form (37)
for scalar fields (Nm, h). We include an E6–invariant soft supersymmetry breaking
scalar mass term for the singlet h and the vector Nm:
Vsoft = µ
2
1 e
−6Kσ |h|2 + µ22 gmn N¯mNn e6f
2Kσ , (93)
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The full scalar potential with soft breaking term in the unitary gauge is then:
V = Vunitary + µ
2
1|h|2 + µ22|Nm|2. (94)
As the complex scalar transforms only under U(1), we choose the unitary gauge for
the U(1) symmetry, which allow us to write
h =
(
v +
1√
2
ρ
)
e
1√
2v
iκ
, (95)
where κ is the longitudinal component of the massive gauge field Aµ. We now
determine the mass spectrum of the theory. Expanding the potential (94) to second
order in the fluctuations ρ and N˜m around the minimum
|Nm|2 = 0, |h|2 = v2 = 1
6f 2
− µ
2
1
12g2
µ21 < 2
g2
f 2
(96)
the bosonic terms in the action then become in the unitary gauge
Lbos = −1
4
F 2µν(A˜)−
1
4
F¯ αµνFαµν −
1
8
F (mn)2µν −
1
2
∂ρ · ∂ρ− ∂N˜m · ∂N˜m
−m2AαA¯α · Aα −m2A˜ A˜2µ −m2Amn A2µ(mn) −
m2ρ
2
ρ2 −m2
N˜m
N˜2m
−V0 + . . . , (97)
In this expression, the dots represent interactions of the abelian vector field with
the scalar ρ. In addition, we have absorbed the Goldstone mode κ in the abelian
vector by redefining the U(1) gauge field Aµ:
Aµ → A˜µ = Aµ − 1
2
√
6gv
∂µκ. (98)
The masses of the bosonic fields read:
m2
A˜
= m2ρ = 24g
2v2, m2Aα =
µ21
4f 2
, m2
N˜m
=
1
f 2
(1
2
µ21 + µ
2
2
)
, m2Anm = 0. (99)
As expected the gauge bosons Aµ[mn] of the non-broken SO(10) symmetry remain
massless.
Analyzing the kinetic and mass terms of the fermions
Lferm = −G βα ψ¯αL
↔
∂/ ψLβ − χ¯nL
↔
∂/ χnL − χ¯L
↔
∂/ χL − 1
2
(
λ¯αR
↔
∂/ λαR + λ¯
α
L
↔
∂/ λLα
)
−1
2
λ¯
(mn)
R
↔
∂/ λ
(mn)
R − λ¯R
↔
∂/ λR +
√
2g G βα
i
f
(
ψ¯αLλRβ − λ¯αRψLβ
)
+4i
√
6vg
(
χ¯LλR − λ¯RχL
)
. (100)
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fermions
mass m2Ψα m
2
Ω m
2
χn m
2
λLα
m2
λ[mn]
value
µ21
2f2
24g2v2 0 0 0
vectors
mass m2A m
2
A[mn]
m2Aα
value 24g2v2 0
µ21
4f2
scalars
mass m2ρ m
2
N˜
value 24g2v2 1
f2
(
1
2
µ21 + µ
2
2
)
Table 4: Fully gauged E6 mass spectrum in the presence of soft supersymmetric breaking.
one realizes that two massive Dirac fermions can be formed by combining the
fermions of the chiral multiplets with two gauginos:
Ψα =
1√
2
λRα − i
√
2
µ1
2g
ψLα, Ω = λR − iχL. (101)
In terms of these fields, the expression (100) becomes
Lferm = −Ψ¯α
↔
∂/ Ψα − Ω¯
↔
∂/ Ω +
√
2
µ1
f
Ψ¯αΨα + 4
√
6v g Ω¯Ω. (102)
The masses of these spinors are:
m2Ψ =
µ21
2f 2
, m2Ω = 24g
2v2. (103)
The 16 of the left-handed gaugino’s λLα and quasi-Goldstone fermions χLn remain
massless, together with the Majorana fermions λmn that are gauginos of the un-
broken SO(10) symmetry. Therefore, in this model the gaugino components λLα
are now to be identified with a family of quarks and leptons, rather than the quasi
Goldstone fermions themselves. (We have observed a similar thing to happen also
in the SO(10)/U(5)–spinor model discussed in section 4.) The complete spectrum
of the theory is summarized in table 4.
The conclusions that can be drawn from the above analysis may be summarized
as follows. Gauging of the full E6 in the presence of soft supersymmetry breaking
may lead to a possibly realistic description of the lightest family of quarks and
leptons. To make it fully realistic three important problems must be solved [22]:
1. How to break down the remaining SO(10) symmetry, as required by low-energy
phenomenology.
2. It should be possible to include (at least) three generations of quarks and
leptons.
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3. There should be a source of large Majorana masses, so that the see-saw mech-
anism provides the explanation for the small neutrino masses.
Dimension U(1) Notation Description of the type of fields
repr. charges
16 1 zα E6/[SO(10)× U(1)] coset coordinates
10 -2 Nm Matter additions to 16
1 4 h to complete the 27
16 q x+α Two generations
16 -q x−α
45 0 Amn Higgses for the unification
54 0 Smn symmetry breaking
210 0 Qmnpq
126 r Dmnpqr Higgses for neutrino Majorana masses
126 -r Emnpqr and symmetry breaking
Table 5: The various SO(10) representations used for our construction of a phenomeno-
logical model build around E6/[SO(10)× U(1)]. The first column gives the dimension
of the representations, the second column their charges, the third column the notation
we use for the scalar components of chiral multiplets. A brief description of what these
fields are is given in the last column. The charges q, r will be fixed by dynamical con-
siderations like SO(10)× U(1) anomaly cancellations and the requirement that various
Yukawa couplings can appear in the superpotential.
Like in the SO(10)/U(5)–spinor model, these problems may be solved by adding
additional matter multiplets. Let us start with the second problem in the list above.
The 16 can accommodate one generation of quarks and leptons including the right-
handed neutrino. Therefore we need at least three copies of this representation to
account for three families. It would be economical (as far as the field content is
concerned) to use a 16 both as a representation of quarks and leptons and as the
representation that leads to the symmetry breaking S0(10) −→ SU(5)× U(1) −→
SU(3)×SU(2)L×U(1). Therefore a possible solution to the this problem is provided
by adding the two other fermion families as additional matter multiplets Φ±α =
(x±α , ψ
±
αL) carrying opposite U(1) charges so that that the internal symmetry is free
of anomalies.
The first problem above can be solved by introducing the SO(10) breaking Higgs
multiplets Amn, Smn and Qmnpq with U(1) charges taken to be zero. This is not
strictly necessary but very convenient in the following. The fermionic partners of
the coset coordinates zα form one family of quarks and leptons, the other two family
multiplets have scalar components x±α . We make the charge convention such that
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x+ has positive charge q ≥ 0. Finally, we have two additional Higgses Emnpqr and
Dmnpqr that may also be responsible for symmetry breaking, but in addition are
also supposed to give rise to Majorana masses for the right-handed neutrinos. D
has charge r and E is it charge conjugate. In addition to all this there should be
at least a 10 that can produce the supersymmetric standard model Higgses after
symmetry breaking down to the standard model group SU(3)× SU(2)L × U(1).
5.2 Gauging of SO(10)×U(1) symmetry
The gauging of the SO(10)×U(1) symmetry instead of the full E6 gives analogous,
but not quite identical, results. Also in this case one finds the potential (87), but
in general with different values g1 and g10 for the coupling constants of SO(10) and
U(1). Except for special values of the parameters, it has a minimum for the SO(10)
invariant solution, with zα = 0; and again the metric becomes singular. One way
to shift the minimum away from this point is by introducing soft breaking terms
(93). Another option is to add an extra Fayet-Iliopoulos term as the gauge group
possesses an explicit U(1) factor. In the first case, the fermionic mass term is given
by the last line of (100). As a result there is now one massive Dirac fermion, from
the combination of χL with the same gaugino of the broken U(1) as before. The
gauginos λmn that are left over remain unpaired, and hence massless. Furthermore,
the chiral fermions ψαL and χ
n
L remain massless. The complete spectrum can be read
from the table 6
In the second case, for special values of the coupling constants g1 and g10, or
the Fayet-Iliopoulos parameter ξ, one can get different results. Since the SO(10)
and U(1) coupling constants are independent, one may choose to gauge only SO(10)
(g1 = 0). In that case both supersymmetry and internal symmetry are preserved,
and the particle spectrum of a model contains of a massless SO(10) gauge boson,
just like in the usual supersymmetric SO(10) grand unified models.
scalars
mass m2ρ m
2
N˜m
m2z˜α
value 24g21 0 0
vectors
mass m2A m
2
Amn
value 24g21v
2 0
fermions
mass m2Λ m
2
ψLα
m2χLn
value 24g21v
2 0 0
Table 6: Soft supersymmetry breaking gauged SO(10)× U(1) mass spectrum
25
6 Conclusions
The Ka¨hler manifolds E6/[SO(10) × U(1)] and SO(10)/SU(5) × U(1) hold some
special interest in the context of non-linear supersymmetric σ-models, because E6,
SO(10) and SU(5) are realistic grand unification groups. It was shown [3, 4] that
it is possible to construct anomaly free models around these coset-spaces that are
globally consistent.
In this article, we have discussed in detail the phenomenological analysis of
supersymmetric σ-models on homogeneous coset-spaces E6/[SO(10) × U(1)] and
SO(10)/U(5). We have analyzed the possible vacuum configurations of these mod-
els. We have investigated in particular the existence of the zeros of the potential, for
which the models are anomaly-free, with positive definite kinetic energy. The con-
sequences of these physical requirements have been analyzed. We found that there
exist supersymmetric minima for both these models when the full isometry groups
E6 and SO(10) are gauged. The analysis is straightforward as one can employ the
unitary gauge to put the Goldstone bosons to zero. In some cases, we find that
the Ka¨hler metrc is singular: the kinetic energy of the would-be Goldstone modes
and their fermionic partners vanishes in the vacuum. We showed by addition of soft
supersymmetry-breaking mass parameters, that the minimum can be shifted away
from the singular point.
The particle spectrum in the presence of soft supersymmetry-breaking mass pa-
rameters is computed. The gauge bosons corresponding to the broken E6 as well as
the SO(10) become massive, thereby eliminating all the Goldstone scalars from the
theory. In addition some of the left-handed quasi-Goldstone fermions become mas-
sive by combining with right-handed gauginos corresponding to the broken (SO(10),
E6) generators. The left-handed of these gauginos components remain massless and
have the same quantum number as the original quasi-Goldstone fermions. There-
fore, they can represents a family of quarks and leptons, with additional right-handed
neutrino.
Continuing our line of investigation of the particle spectrum of supersymmetric
σ-models on E6/[SO(10) × U(1)], and SO(10) × U(1), we have also studied the
possibility of gauging (part of) the linear subgroups, i.e., SO(10)× U(1) and U(5).
In each of these models, we found that the properties of the model investigated
depend to a certain extent on the value of parameters (gauge couplings, Fayet-
Iliopoulos term) and the presence of extra families and Higgses. We have obtained
all supersymmetric minima, of which some are physically problematic as the kinetic
terms of the Goldstone multiplets either vanish or have negative values.
In spite of all these nice features, there is still a lot of work needed to improve and
extend the anomaly-free supersymmetric σ-models on the coset spaces SO(10)/U(5)
and E6/[SO(10)× U(1)] discussed here. For example, it would be to interesting to
study their particle spectrum in presence of extra families and Higgses. In tables
2 and 5 we have summarized the most general scalar field content we consider for
the phenomenological promising models build around the coset spaces SO(10)/U(5)
and E6/[SO(10)× U(1)].
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